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Abstract 

The Hardy-Rellich inequality given here generalizes a Hardy in- 
equality of Davies 0, from the case of the Dirichlet Laplacian of a 
region C ]R" to that of the higher order polyharmonic operators 
with Dirichlet boundary conditions. The inequality yields some im- 
mediate spectral information for the polyharmonic operators and also 
bounds on the trace of the associated semigroups and resolvents. 

1. Introduction 

The Hardy inequality originated in 1920 in as an integral inequality for 
functions defined on the real half-line. Its original representation can be 
easily reformulated, for 1 < p < oo, as 

|/(:r)|p -dx < ( -^—Y r \f(x)\ p dx (i) 



x p \p — 1 

for all / G C£°((0, oo)). Since its appearance, various generalizations of 



particular aspects of the inequality have been made. In 1 10] , for example, 
there is a detailed treatment of weighted Hardy-type inequalities in an L p 
setting. 



The Rellich inequality appeared first in |T3] as a generalization of inequal- 
ity ([!]) to two derivatives. The simplest form of such an inequality is 

|/(x)|p -dx < ( 7 — ^ — -Y r \f'(x)\ p dx (2) 



x 2 p - \(p- l)(2p- 1) 
for all / G L7 c °°((0,oo)). 

In this paper we study a generalization for all derivatives, within the L 2 
setting. The variable x in the denominator of inequalities (HD and (0) is re- 
placed by a pseudodistance a m (x), where m is the number of derivatives in 



1 



the dominating integrand. We formulate our result as a Hardy-Rellich oper- 
ator inequality, and use it as a tool in the spectral analysis of polyharmonic 
operators. The Rellich inequalities found in || concern a distinct but related 
class of operator inequalities. 

In order to state our result properly, we need the following definitions, in 
which Q denotes an open subset of M. N : 

Definition 1: Let Q m be the closure of the quadratic form defined on C^°(Q) C 
L 2 (Sl) by 

Q m (f) = ((-^) m fJ). 

The domain of the closure is the Sobolev space W^™' 2 (£7). The polyharmonic 
operator (— A) m | DIR is defined as the non-negative self-adjoint operator as- 
sociated with Q m . See ^ for details. Where the implied region is not con- 
textually evident, the operator is denoted by Hq jU1 . 

The boundary conditions classically associated with the operators (— A) m | DIR 
and (— A| DIR ) m are different. The inequality 

H a>m > Hfti (3) 

may be verified by considering quadratic form domains. 
Definition 2: Let u E S^ -1 and define d w : R N — > (0, +oo] by 

du(x) := min{|s| : x + su £ Q}. (4) 

Define the pseudodistances a m : M N — > (0, +oo] for 1 < m G M by 

-l/2m 



Om. \ X j 



^(x)- 2m d 7V - 1 cu 
Us"- 1 



(5) 



where d u is the normalized surface measure on the unit spherical shell 
S N ~\ 



Davies proves the operator inequality 

N 
4a} 



A)Idir>772 ( 6 ) 



in the quadratic form sense, thus comparing the Dirichlet Laplacian with a 
multiplication operator which is large near the boundary of the region. In 
Theorem |5| we generalize this to a Hardy-Rellich inequality 

(iV + 2m-2)(JV + 2m-4)...iV(2m-l)(2m-3)...l 

I DIR. > Am n 2m 



for the polyharmonic operators (— A) m | DIR = H^i )Tn acting in L 2 (Q). As a 
special case, if Q is convex we see that 

, an™. ^ (2m-l) 2 (2m-3) 2 ...l 2 

I IDIR ^ 4mrf 2m ' W 

where 

<i(x) := min{|y — x\ : y $ fl}. 

More generally, for regular regions, where the pseudo distances a m are com- 
parable with the distance d, a similar inequality is valid. The constants in 
inequalities (|^) and (§) are shown to be optimal. 

In both H and [|], section 1.9], Davies uses the Hardy inequality (|6]) to find 
an upper bound on the trace of the semigroup e _Ho i< . Using the technique of 
decomposing a region with finite inradius into dyadic cubes he finds a similar 
lower bound. More explicitly, 

(8irt)- N / 2 [ exp[-8ir 2 N 2 t/d 2 ] < trfe"^ 1 '] < (2irt)- N ' 2 [ exp[-M/8a 2 ]. 

Jn Jn rg\ 

For regular regions Q this yields an immediate equivalent condition for trfe^"- 1 *] 
to be finite, and, as a corollary, a condition for tr[iJ n ^] to be finite. 

In Sections ^ and |5| we generalize inequality (H) with some restrictions (see 



Condition |TJ and dependent results), to 



b m , N t' N/2m I exp[-c m , N td- 2m ] < tr[e- H «-*] < b' m ^ N r N / 2m [ exp[-c' N , m t a - 2m }, 
Jn Jn qo) 

where b m ^, Cm,Ni b' m N and c' m N are positive constants. This yields an equiv- 
alent condition for finite trace of both e~ Hn ' mt and H^P m . 
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2. The Hardy- Rellich Operator Inequality 

Our starting point is a one dimensional version of the Hardy-Rellich inequal- 
ity in the L 2 setting. For m = 1 and m = 2, the following lemma respectively 
resembles inequalities P) and (0), where we set p = 2. 
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Lemma 3: Let Q be an open (not necessarily connected) set in R. Then 
(2m- l) 2 (2m-3) 2 ...l 2 f \f(x) 



for all fee™ {n). 

Proof: We prove the statement only for open intervals (a, b) C ]R. Suppose 
that the above statement is true for some m. Then applying || Lemma 5.3.1] 
with a = —2m, 



\2 r b I f ( rr-\ |2 



(2m +1) 2 [» \f(x)\ 
4 J a d(x) 2 ( m+1 r 

(l + 2m) 2 rib-")/* 



x~ 2m - 2 \f(x + a)\ 2 dx 

(I + 2m) 2 f( 6 ~ a V 2 
+ 1 + ] \ x- 2m ~ 2 \f(b - x)\ 2 dx 



~(b-a)/2 Mb-a)/2 

< I x- 2m \f'(x + a)\ 2 dx+ / x- 2m \f'(b-a)\ 2 dx 



a d{x) 



2m 



^m rb 



< 7 rr: ; / I / (m+1) (x) \ 2 dx. 

~ (2m- l) 2 (2m-3) 2 ...l 2 7 a U V ;I 

The first step of induction is dealt with by 0, Corollary 5.3.2]. □ 
Lemma 4: Lei a; G S^ -1 . TYien 



/, , A2m H iv-i _ (2m - l)(2m - 3) . . . 1 2m 

, (M d W - (iV + 2m-2)(iV + 2m-4)...iV iei " 



(12) 



Proof: Since the above integral is rotationally invariant and homogeneous 
of degree 2m with respect to £ we see that 

^uj) 2m d N ~ 1 u = C \i\ 2m . 

S N-1 

Setting £ = (1, 0, . . . , 0) we see that for N > 3 
(4.^) 2m d Ar - 1 ^ 

cos 2m 0i sin^- 2 6 1 . . . sin 6 N _ 2 d6 1 . . . d6 N _ x 
4 



S N-1 

7T PIT P7V 



vn-i J-tt Jo Jo 



(2m-l)(2m-3)...l 
~ (N + 2m - 2)(JV + 2m - 4) . . . N' 

where un-i denotes the surface area of the unit spherical shell S N_1 regarded 
as a subset of R . The last step of this calculation requires elementary 
analysis and is therefore omitted. The cases N = 1,2 are simple. □ 

We may now prove the Hardy-Rellich operator inequality: 

Theorem 5: Let (— A) m | DIR = #n,m be the polyharmonic operator of order 
2m acting in L 2 (Q), where Q is a region in Mr, and let a m be the correspond- 
ing pseudodistance. Then, in the quadratic form sense, 



-A) m | D m > 



(N + 2m - 2)(N + 2m - 4) . . . 7V(2m - l)(2m - 3) . . . 1 

Am n 2m 

* % ( 13 ) 



Proof: Let / G C~(Q). Let u G S N ~ X be fixed, and let {u x = uj, u 2 , ■ ■ ■ , u N } 
be an orthonormal basis of M N . Let v — (v i, . . . , vn) denote coordinates with 
respect to that basis and let P be the coordinate transition matrix x = vP 
from v coordinates to standard coordinates. Let v = (t> 2 , . . . , ujv) be fixed, 
and let Jig be the open (not necessarily connected) set 

n fl = {«! G M : vP G SI}. 

Define ga and da by 

9v(vi) := f{vP) 
d^(vx) := d u (vP). 

Then g e G C c °°(^) and 

dv(vi) = mm{\y - v x \ : y £ 

Using Lemma 

(2m-l)»(2m-S)»...l« f teWI 2 ^ < / I^MI^, 



n. 4(fi) 2 '" " Vn, 



and hence 

(2m-l) 2 (2m-3) 2 ...l 2 f l/COl 2 ^ 



4 m 7 n a m (x) 2m 

(2m-l) 2 (2m-3) 2 ...l 2 f f \f(x)\* 
4 m Js"-JndM 2m 
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(2m-l) 2 (2m-3) 2 ...l 2 f f f \gM)\ 



12 



< / / / {g^^l^^-Hd^u 
's N - 1 Jrx- 1 J a,* 



\2m 



d^d^M^u; 



\d™f(x)\ 2 d N xd N -\ 

s N ~ 1 Jn 

(Z,u>) 2m \f{*)\ 2 d N & N - 1 «> 



(2m- l)(2m-3)...l 
(N + 2m - 2)(N + 2m - 4) . . . N 
(2m-l)(2m-3)...l 



\e m \m)\ 2 d N c 



Qm{f). 



{N + 2m-2){N + 2m-4) ...N^ mKJ >' □ 
Corollary 6: Suppose that Q is a convex region in R . T/ien 

l IDIR £ ^m d 2m " ^ 

Proof: Let i G and let y G dfl be such that |y — x\ = d(x). Suppose 
z G £1. Constructing the point 

(z -y,x -y) 

p = y + -, r(z-Vh ( 15 ) 

(z-y,z-y) 



we see that 



so either 



or 



i ,2 i i2 ( z -y,x-y) 2 

\p — X\ = \y — X\ ; r 

(z-y,z-y) 
(z - y,x - y) = 



\p — x\ < d(x). 

In the second case, p will lie in Q, and so by convexivity the line segment 
joining z and p lies in Q. See Figure [I]. Since y O, it cannot lie on this 
segment so 

(z-y,p-y) > 0. 
From the definition of p, this implies that 

(z-y,x-y) >0. 
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n 




Figure 1: Construction of p Figure 2: Relationships 

between distances 

In both cases, z lies in the set 

{z <E R N : (z-y,x-y) > 0}. 
Since Q is open, it must therefore be a subset of the open half 

H := {z G R N : (z - y, x - y) > 0} 
of M. N . From the definition (ffl) of we see that 

y — *^ 

du>(x)\{y — x, u)\ < min{|s| : x + su £ H}\(- — ,u;) rf( 



x 



\y ~ x\ 



d(x) 2 . 



(16) 



See Figure for a diagrammatic representation of this last step. Hence 
\(y-x,u)\ 2m d(x)- 4m <d„(x)- 2m . 

Therefore 

(2m-l)(2m-3)...l 2m 



(N + 2m — 2) (N + 2m — A) . . . N 

(2m- l)(2m-3)...l 



2m j I _,\ — 4m 



(N + 2m - 2) (N + 2m - 4) . . . N 

{y~x,uo)\ 2m d(x)' Am d N - l uj 



y - x\ 2m d(x) 



S N-1 



< / d u {xY 2m ^- L u 
Js N ~ 1 



(17) 



Using Theorem |5] we see that for / e C^°(Q), 

(2m-l) 2 (2m-3) 2 ...l 2 /" l/fr)! 2 ^ 
4 m J n d(x) 2m 



< (JV + 2m-2)(iV + 2m-4)...JV(2m-l)(2m-3)...l f \f(x)\ 2 N 
~ 4^ J Q a m {x) 2m 

< Qm(f)- □ 

Note 7: It is simple to deduce a crude lower bound 

> (2m- l) 2 (2m-3) 2 ...l 2 
1 ~~ 4 m Inradius(fJ) 2m 

on the first eigenvalue of (— A) m | DIR for regions with finite inradius 

Inradius(f2) := sup d(x). (18) 

Since the strength of the inequality (|H]) lies in the values of the potential 
near the boundary, the constant in the above bound is not sharp. □ 

Note 8: The constants in Theorem [5] and Corollary |6| are optimal. This 
can be seen by choosing Q = {(x±, . . . , xn) '■ x% > 0} and by considering the 
sequence of functions f n G C£°(fi) defined by 

f n (x) = X™~ 1/2 <f) n (xi)lfj(x) 

where ip G C^R^ -1 ) and 4> n G C£°((0, oo)) is chosen so that 4> n = 1 on 
the interval [2/n, 1], (p n = on R\ [1/n, 2], |.Dty n | < oi 7 ' on [l/n,2/n] and 
|-D J >n| < c on [1, 2], for j = 0, 1, . . . , 2m. 

Calculations now show that 

l/n(x)l Vx > / Xi X \^{x)\ 2 d N x = \m\ 2 2 \nn/2 



n d(x 



,2m 



[2/n,l]xR N - 



and 

„ , PS (2m- l) 2 (2m-3) 2 ...l 2l . 

Qm(/„) < LA ^ " \\iP\\llnn/2 + c'. 

The constant in Corollary |B| is therefore optimal, and so the constant in 
Theorem |5| must also be optimal. □ 



3. Spectral Implications of the Inequality 

In the course of proving Corollary ^ we show, in inequality (17), that the 
pseudodistance a m is uniformly comparable to the boundary distance func- 
tion d. This motivates the introduction of the following terminology: 
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Definition 9: A region f2 is said to be regular if there is a constant k < oo 
such that 



for all x G f2. More generally, we shall say that a region f2 is m-regular if 
there is a constant k m < oo such that 



for all x G Q. 

Definition 10: We shall say that Q satisfies a uniform external ball con- 
dition if there exist positive constants a, (3 such that for any y G £1 and 
< s < (3 there exists a ball B(a; r) with center a satisfying \a — y\ < s, and 
radius r satisfying r > as, which does not meet Q. 

Examples 11: If any one of the following geometrical conditions is satisfied 
then the region Q C is regular: 

(i) Q satisfies a uniform external ball condition with (5 = oo. 

(ii) Q has finite inradius and satisfies a uniform external ball condition. 

(iii) There exists a positive constant c such that 

\{y G" ft : \y - a\ < r}\ > cr N 
for all a G dfl and all r > 0. 

Proof: See Theorems 1.5.4 and 1.5.5] and 0, Theorem 5.3.6]. The com- 
mon characteristic of these situations is that at any point x G £1, the direc- 
tional distance d w (x) to the boundary is uniformly comparable to the actual 
distance d(x) to the boundary over a uniform solid angle. □ 

Lemma 12: Let x G £1 be fixed. Then a m (x) is a decreasing function of m. 
Hence if fl is regular then it is m-regular for all m > 1. 

Proof: Let be norms on the spaces L p (S' iV_:L , d^" 1 ^). Since the surface 
measure d^™ 1 ^; in Definition |2| is normalized, Holder's inequality implies that 
for m > n 



d{x) < ai(x) < kd(x). 



(19) 




(20) 




Hence from Definition [| 




□ 
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Theorem 13: Suppose that Q is m-regular. Then G" Spec(H^ m ) if and 
only if the inradius of Q is finite. 

Proof: Suppose that Q has finite inradius. The Hardy-Rellich operator 
inequality ( |13"D and m-regularity (p0|) imply that 

(N + 2m - 2)(JV + 2m - 4) . . . N(2m - l)(2m - 3) . . . 1 

(21) 



Hn ' m - 4 m ^ m Inradius(fi) 2m 



Conversely, suppose that d(x) is unbounded. For any r > there exists a 
ball B r with radius r, contained in Q. Using the Rayleigh-Ritz variational 
formula (see [§, Section 4.5]), 

< min(Spec(if Qim )) < min(Spec(if jBrim )) = r~ 2m min(Spec(if Bljm )). 

Hence G Spec(i?Q im ). □ 

Note that to prove the above theorem one only needs the Hardy inequality 
for m = 1 and inequality (|3]). This approach, however, is not valid for a proof 
of the following theorem. 

Theorem 14: Suppose that Q is m-regular. Then H^ l m is compact if and 
only if d(x) ^0 as x — > oo. 

Proof: Using the Hardy-Rellich inequality (|i~3"D , 



1 (JV + 2m-2)(JV + 2m-4)...JV(2m-l)(2m-3)...l 



m n 2m 



2 ' 2.4 m a!_ 
1 (N + 2m - 2)(N + 2m - 4) . . . N{2m - l)(2m - 3) 



2 K ' m 2 2m+1 k 2m d 2 



m 



as quadratic forms in L (R ). The last operator in the above inequality has 
compact resolvent because it is a Schrodinger operator whose potential 

(JV + 2m - 2)(N + 2m - 4) . . . A^(2m - l)(2m - 3) . . . 1 
— 2 2m + 1 k 2m d 2m 

satisfies V(x) — ► oo as \x\ — > oo. See P, Theorem 12.5.5], although this 
result is proved with the unnecessary restriction that iV < 2m. Simple 
modification of the proof of JTT, Theorem XIII. 67] yields the result without 
any such restriction. It now follows that is compact. 

Conversely suppose d(x) does not converge to zero as x — > oo, x G Q. Then 
there exist r > and a sequence of balls Bi C Q, each with radius r. Let fa 
be the groundstate of the operator HB t , m - Then 
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(Ha >m (j) h (f)j) = c5ij 

where c is independent of i, j. Using the Rayleigh-Ritz formula of section || 

r 1 



we see that H n 1 m cannot be compact. □ 



4. Lower Bound on the Trace of the Polyharmonic 

Semigroup 

In the remaining sections we build upon the methods of Davies [|3| to ob- 
tain lower and upper bounds on the trace of the semigroup e~ Hn ' mt and the 



resolvent He, 1 - The proof of the lower bound in Theorem [18] requires the 



following sequence of lemmas: 

Lemma 15: Let X mtn denote the n-th eigenvalue of the polyharmonic oper- 
ator (— A) m | DIR acting in L 2 ((0, 1)). Then 

M 2m < X m,n <[{m + n- l)7r} 2m . (22) 

Proof: The left hand inequality is a consequence of inequality @. We prove 
the other inequality as follows: Let f r G iy™ ,2 ((0, 1)) be defined by 

f r (x) = sin m_1 ttx sin mx. 

Then f r G M r+m _i where 

M s = lin{l, sin nx, cosnx, . . . , sin snx, cos sirx}. 

Let L n C iy m ' 2 ([0, 1]) be defined by 

L n = lin{/ r : 1 < r < n}. 

Then L n C M n+m _i, and by the Rayleigh-Ritz formula 0, 

A m ,„ < swp{Q m (f) : / G L n , ||/|| 2 = 1} 
= sup{|| J D m /||2:/GL n ,||/|| 2 = l} 

< sup {\\D m f\\l : / G M n+m _ u ||/|| 2 = 1} . (23) 
Suppose that / G M s and ||/|| 2 = 1. Then 

s 

f{x) = a + ^^(a r v^2 cosr7ra; + f3 r V2 sin mx), 

r=l 
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where 
Now 



\\D m f\\l = ^(a 2 .(r7r) 2m + /3 2 .(rvr) 2m ) < (svr) 2 ™ 

r=l 

Hence by inequality (23), 

A m ,„< {(m + n-l)7i] 2m . □ 
Lemma 16: T/ie operator 

- / Ffi \ m 



i=i 



acting in L 2 (C) with Dirichlet boundary conditions, where C = (0,8) , is 
uniformly elliptic, homogeneous of order 2m, and has compact resolvent. The 
eigenvalues of H' are given by 



N 



(An — 8 2m y Xm,nj ; (25) 



where n = (nx, . . . , njv) is a non-negative multi-index and Xm,^ are the eigen- 
values of the one- dimensional polyharmonic operator in Lemma [15|. 

Proof: Using the Fourier transform we may write the quadratic form Q' of 
the operator H' as 

N 

Q'(f)= / £tf W W)l a d"£. (26) 

The symbol of if' is 



JV 

r/(.r. ' ' 

1=1 



and is homogeneous of degree 2m. Since 

N -(m~l)^2m < < |£|2m ( 2 g) 
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we see that H' is uniformly elliptic. 

Let {fm,n}^Li be the orthonormal sequence of eigenfunctions corresponding 
to the eigenvalues \ m ,n of (— A) m | DIR acting in L 2 ((0, 1)). For each non- 
negative multi-index n define 

N 

f n (x)=5- N / 2 l[f m ^(x l /5). (29) 
i=i 

Since the functions / mj „ form a complete orthonormal set in L 2 ((0, 1)), the 
functions f n form a complete orthonormal set in L 2 (C). Moreover, since the 
f n are eigenfunctions of H' with corresponding eigenvalues /i n , we have found 
a complete list of eigenvalues. □ 

To find the lower bound on ti[e~ Hn < mt } we use the technique of decomposing f2 
into dyadic cubes by introducing Dirichlet boundary conditions along various 
internal partitioning surfaces. The cubes CCOwe use are of the form 

C=\xz*.»:±<x,<«±±} (30) 

for some n G Z and some a G Z* N . Ordering the dyadic cubes (|30|) by 
inclusion, let {C r : r G N} be an enumeration of the maximal cubes contained 
in Q, provided at least one exists. Let 5 r be the side length of C r and let 

Lemma 17: The cubes C r are disjoint. Suppose that the inradius of Q is 
finite. Then Cl' = Q, and moreover for x G C r we have d(x) < 2N 1 ^ 2 S r . 

Proof: The inclusion Q' C Q is obvious. Conversely, suppose that x G Q. 
Then B(x;d(x)) C Q and so x will lie in some closed dyadic cube C C Q 
with diameter at least d(x)/2. The edge length of such a cube will be at least 
d(x) / (2N l l 2 ). Since d(x) is bounded, the point x will lie in a maximal cube 
C~ r with edge length 5 r > d(x)/(2N 1 / 2 ). Hence C H 7 and d(x) < 2N l / 2 5 r . □ 

We shall always assume that Q has finite inradius, for otherwise using The- 
orem [14|, we may deduce that tr[e~ Hn ' mt ] = oo. 

Theorem 18: For < t < oo 

b m ,Nt~ N/2m [ exp[-c m , N d- 2m t] < tr[e~ H ^% (31) 
Jn 

where 

b m>N = N -N{m-l)/2 m{27[ yN T ^ + 1 / 2m ) 2 iV / 2m 
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and 



c m , N = (4mN7r) 2m /2. 



Proof: Let = (0, 1) C R. Using the notation of Lemma [T3 and the 
spectral mapping theorem, we see that the trace of the semigroup e~ H ' 01 i m * 
* s Sn°=i e~ Xm - nt , and moreover that 



e~ Xm > nt > V" , 



(rn+n)ir] 2m t 



n=l 



n=0 

oo 



> > e 

n=0 



-flm-l ( m 2m +n 2m)j2m ( 



= [(27r) 2m t/2]- 1/2 "T(l + l/2m)e- (2m " )2m * /2 

= 6 Tn ,ir 1 / 2w *exp[-c m ,i2- 2wi *]. (32) 

Let if' denote the operator (p4j) acting in L 2 (C r ) with Dirichlet boundary 
conditions. Inequality (123) implies that 



C r ,m 



and hence using Lemma 16 and equation (32) 
trfe-^-""*] > trfe"*™ -1 *'*] 

N 



n=l 



> b^ l [N m -H; 2m t}- N/2m e^ V [-c myl 2- 2m N m 5; 2m t\ 
= b m , N 5?t- N ' 2m exp[-c mi ^(2iV 1 / 2 ^)- 2 ^]. 



Using the results of Lemma [L7], 

oo 

= ^tr[e"^ c '- mt ] 



r=l 
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r=l 

oo „ 

= b m , N r N/2m Y, / eM-Cm,Ntd(xr 2m }d N x 

r=l n 

= b m)N t~ N,2m I exp[-c m>N td 
Jn 



2ml 

J - □ 



5. Upper Bound on the Trace of the Polyharmonic Semigroup 

In order to prove an upper bound on the trace we shall need to assume that 
the region Q satisfies the following condition. 

Condition 19: Let Q be a region such that the kernel Ka(t,x,y) of e~ Hn > mt 
exists, is jointly continuous and satisfies 

\K Q (t,x,y)\<cr N / 2m . (33) 

for some c = Cq, and for all t > and x,y G f2. Let b' m N = 2 N l 2m c. 

Two special cases in which this condition is satisfied are given in the following 
two examples: 

Example 20: For all N the Laplacian (— A)| DIR acting in L 2 (Q) has a heat 
kernel K(t, x, y) which satisfies 

< K(t,x,y) < (A7rt)- N/2 

for all x, y G £1 and t > 0. 

Proof: See @, example 2.1.8]. □ 

Example 21: Suppose that Q C M. N and N < 2m. Then (— A) m | DIR acting 
in L 2 (Q) has a heat kernel which satisfies 

\K(t,x,y)\<cr N / 2m 

for all x, y G £1 and all t > 0. 

Proof: By the spectral mapping theorem we see that 

\\^n,m e 1 1 2,2 S Ct 

For / G L 2 (fi) and t > 0, let f t = e'^^f G W™' 2 (n). Using a standard 
Sobolev embedding theorem, 



ii/tiioo<cii<i/ t ir/ 2m n/,i^ 



N/2m 

* 1 1 2 
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<c||<ie-^||g 2m ||/||f 2m |l/lir /2m 



< ct- N ' im 
Hence 

\\ P -H nm ,t\\ < .-N/Am 
|| c || oo,2 — I'fc 

By duality, 

||e- HQ - m '||oo,i < \\e- Hn ' mt \\ocM\ e ~ Hn ' mt h,i < ct~ N/2m . (34) 
Define fa : -> L 2 (ft) n by the property 

(/,&(*)> = (e-* n .»'/)(*) 

for all / G fl L 2 (fi). Since e~ Hn < mt f is a smooth function, the map 

x I— > </>t(x) from Q — > L 2 (0) is smooth in the weak Hilbert space sense and 
hence, by Corollary 1.42], it is smooth. Define 

K(t,x } y) = [fa{x)\{y). 

Then by the definition of fa, we see that K(t,.,.) is an integral kernel of 
e -H Qim t_ Tjgmg the identity 

[<Ps+t(x)](y) = (fa(x),fa(y)) 

for all t, s > we see that K is smooth in x and y. Moreover, by ([34]) we see 
that 

\K(t,x,y)\ <cr N / 2m . □ 
Theorem 22: Suppose that Q satisfies Condition [T^. Then 

tr[e- H ^} < b' N r N ' 2m [ exp[-c' a" 2m t] (35) 



n 



where b' m N is determined by Condition [11], and 

d m N = 2- 2m ~ 1 (iV + 2m - 2)(JV + 2m - 4) . . . iV(2m - l)(2m - 3) . . . 1. 

Proof: The Hardy-Rellich inequality ( |T3"D shows that 

I (iV + 2m-2)(iV + 2m-4)...iV(2m-l)(2m-3)...l 

-fzQ, m > -^Ha,m H 2 4 m a 2m ' 
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Using the Golden-Thompson inequality H], integration of the kernel along 



the diagonal [12, pages 65,66], and Condition 19 we see that 



tr[e- Ho .™*] < tv[exp[-H^ m t/2 - c'j 



-2m 



t]] 



< tr [ e -Ha, m t/4 exp[-4 im a- 2m t]e-^^' /4 ] 

K a (t/2, x, x) exp[-c' Nm a m (x)- 2m t]d N x 



< b' m , N t- N/2m I ex P [-c'a m (x)- 2m t}d N x. 



□ 



6. Equivalent Conditions for Finite Trace 



We can now use the lower and upper bounds of Theorems [L8| and |2^ to give 
conditions for finite trace of e~ Hn - mt and H^ m in terms of integrals involving 
the distance function d. 

Theorem 23: Suppose that Q is m-regular and satisfies Condition [1^. Then 

tr[e~ Hn ' mt ) < oo 
for all t G (0, oo) if and only if 



e M < oo 



for all t G (0, oo). 

Proof: Since Q is m-regular, inequality flIU| ) becomes 

bt -N/2m I exp [_ ctrf -2m] < t ^ e -H n , m t^ < fa-Nflm f exp [_ c '^ mC f 

Jn Jn 



■2ml 



□ 



Corollary 24: Suppose that Q is m-regular and satisfies Condition [IT], and 
that 7 > N/2m. Then 



t*[#nl] < 00 



if and only if 



d 2 ml -N < 



OO. 
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Proof: Using Fubini's theorem for traces we see that 



poo |~ roo 

/ tr[e-- ffn - m *]r- 1 dt = tr / e-^^Mt 
Jo L Jo 



= r( 7 ) tr[^ m ] 

Integration of inequality (^) gives 



/•CO /* /'OO 

/ tr[e- Hn - m *]t 7 - 1 dt < / / 6't- Ar/2m+7 - 1 exp[-c'ta m (x)~ 2m ]dM 7V x 
Jo Jo 



and similarly by integrating inequality (|3T| ) we see that 

6c- 7+JV/2m r( 7 - N/2m) / d 2m T- w < / trfe -1 ^]* 7 - 1 ^. 

Jn Jo 



The result follows as in Theorem 23 because Q is m-regular. □ 
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